t i a x i a l and a p p l i c a b l e t o composites t h a t can be c h a r a c t e r i z e d as o r t h o t r o p i c . T e n s o r i a l i n v a r i a n t t h e o r y i s used t o c r e a t e an i n t e g r i t y b a s i s w i t h i n v a r ia n t s t h a t correspond t o p h y s i c a l mechanisms r e l a t e d t o f r a c t u r e . T h i s i n t e g r i t y b a s i s i s then used t o con-
t h e o r y i s used t o c r e a t e an i n t e g r i t y b a s i s w i t h i n v a r ia n t s t h a t correspond t o p h y s i c a l mechanisms r e l a t e d t o f r a c t u r e . T h i s i n t e g r i t y b a s i s i s then used t o con-

N s t r u c t a f a i l u r e f u n c t i o n p e r u n i t volume (or area) o f ~n m a t e r i a l . I t i s assumed t h a t the o v e r a l l s t r e n g t h o f
I
t h e composite i s governed by weakest l i n k t h e o r y . T h i s leads t o a Weibull t y p e model s i m i l a r i n n a t u r e t o the p r i n c i p l e o f independent a c t i o n (PIA) model for i s ot r o p i c m o n o l i t h i c ceramics. An experimental program t o o b t a i n model parameters i s b r i e f l y discussed. I n addit i o n , q u a l i t a t i v e f e a t u r e s o f t h e model a r e i l l u s t r a t e d by p r e s e n t i n g r e l i a b i l i t y s u r f a c e s f o r v a r i o u s model parameters.
INTRODUCTION
The p o t e n t i a l advantages o f ceramic m a t r i x composi t e s i n c l u d e increased f r a c t u r e toughness as w e l l as creep and c o r r o s i o n r e s i s t a n c e a t v e r y h i g h s e r v i c e temp e r a t u r e s . The p r i m a r y a p p l i c a t i o n s under considerat i o n a r e advanced t u r b i n e engine components, c u t t i n g tool b i t s , h e a t exchangers and aerospace components ( s p e c i f i c a l l y those o f t h e n a t i o n a l aerospace p l a n e ) . C o n s i d e r i n g t h a t these composites w i l l be produced from n o n s t r a t e g i c m a t e r i a l s , i t i s n o t s u r p r i s i n g t h a t conc e r t e d research e f f o r t s a r e underway b o t h i n t h e f i e l d o f m a t e r i a l s science t o advance p r o c e s s i n g techniques and i n t h e f i e l d o f e n g i n e e r i n g mechanics t o develop design methodologies f o r these m a t e r i a l systems.
The m a t e r i a l system o f i n t e r e s t i n t h i s paper i s t h e whisker-toughened ceramic m a t r i x composite. With t h i s media t h e r e l i a b i l i t y a n a l y s i s must account f o r m a t e r i a l symmetry imposed b y whisker o r i e n t a t i o n . Duffy and A r n o l d (1989) presented a macroscopic model t h a t accounted f o r t h e t r a n s v e r s e l y i s o t r o p i c m a t e r i a l symmet r y o f t e n encountered i n hot-pressed and i n j e c t i o n under Cooperative Agreement NCC3-81. *NASA Resident Research Associate; work funded molded whisker-toughened ceramics. A s i m i l a r approach i s used h e r e i n t o develop a n o n i n t e r a c t i v e r e l i a b i l i t y model f o r a m a t e r i a l w i t h o r t h o t r o p i c symmetry. This continuum approach excludes any c o n s i d e r a t i o n o f the m i c r o s t r u c t u r a l events t h a t i n v o l v e i n t e r a c t i o n s between i n d i v i d u a l whiskers and t h e m a t r i x . Other a u t h o r s have addressed f r a c t u r e of ceramic m a t r i x composites on a more l o c a l s c a l e . Wetherhold (1989) developed a model based on p r o b a b i l i s t i c p r i n c i p l e s t o compute an increased energy a b s o r p t i o n d u r i n g f r a c t u r e due t o whisker p u l l -o u t . Faber and Evans (1983) have addressed t h e process o f c r a c k d e f l e c t i o n , and Lange (1970) has modeled c r a c k p i n n i n g . The l a t t e r two approaches are founded i n d e t e r m i n i s t i c f r a c t u r e mechanics. Knowing t h a t these c r a c k m i t i g a t i o n processes s t r o n g l y i n t e r a c t , i t i s a seemingly i n t r a c t a b l e t a s k t o e x p e r i m e n t a l l y d e t e c t o r a n a l y t i c a l l y p r e d i c t t h e sequence o f mechanisms l e a d i n g t o f a i l u r e . A more f e a s i b l e approach i s the continuum based c r i t e r i o n whereby r e l i a b i l i t y i s computed i n terms o f macrovariables.
A s p o i n t e d o u t by L e c k i e (1981), t h e difference between t h e m a t e r i a l s s c i e n t i s t and t h e engineer i s one of scale. He notes t h a t t h e m a t e r i a l s s c i e n t i s t i s i n t e r e s t e d i n mechanisms o f f a i l u r e a t t h e m i c r o s t r u ct u r a l l e v e l and t h e engineer focuses on t h i s i s s u e a t the component l e v e l . We adopt t h e e n g i n e e r ' s v i e w p o i n t and present a model o f p r a c t i c a l u t i l i t y t h a t macroscopi c a l l y captures t h e p r o b a b i l i s t i c f a i l u r e phenomenon o f whisker-toughened ceramics. T h i s p o i n t o f view i m p l i e s t h a t the m a t e r i a l element under c o n s i d e r a t i o n i s small enough t o be homogeneous i n s t r e s s and temperature, y e t l a r g e enough t o c o n t a i n a s u f f i c i e n t number of whiskers such t h a t t h e element i s a s t a t i s t i c a l l y homogeneous continuum. T h i s does n o t i m p l y t h a t t h e m i c r o s c o p i c and macroscopic l e v e l s o f f o c u s a r e m u t u a l l y e x c l u s i v e . Indeed a c l o s e r e l a t i o n s h i p must e x i s t between t h e mater i a l s s c i e n t i s t and engineer so as t o develop b e t t e r f a i l u r e models.
NONINTERACTIVE RELIABILITY MODEL
Here we c o n s i d e r a continuum t o be a c h a i n comp r i s e d o f l i n k s connected i n s e r i e s . Therefore, t h e o v e r a l l s t r e n g t h o f t h e continuum i s governed by t h e s t r e n g t h o f i t s weakest l i n k . We f u r t h e r assume t h a t t h e events l e a d i n g t o f a i l u r e o f an i n d i v i d u a l l i n k a r e n o t i n f l u e n c e d by any o t h e r l i n k i n t h e c h a i n . D e f i n i n g f as t h e f a i l u r e o f an i n d i v i d u a l l i n k , t h e n f = q A V ,
where AV denotes an increment i n volume and 9 i s a f a i l u r e f u n c t i o n p e r u n i t volume of m a t e r i a l .
r as the r e l i a b i l i t y o f an i n d i v i d u a l l i n k , t h e n Taking r = 1 -q AV .
(2) I f the f a i l u r e o f an i n d i v i d u a l l i n k i s considered a s t a t i s t i c a l event, and we assume these events a r e independent, then the r e l i a b i l i t y o f t h e continuum, denoted as R i s
( 3 )
Here * ( X i ) i s t h e f a i l u r e f u n c t i o n p e r u n i t volume a t p o s i t i o n X i w i t h i n t h e continuum.
Lower case Roman l e t t e r s u b s c r i p t s denote t e n s o r i n d i c e s w i t h an i m p l i e d range from 1 t o 3. Greek l e t t e r s u b s c r i p t s a r e associa t e d w i t h p r o d u c t s or summations w i t h ranges t h a t a r e e x p l i c i t i n each expression. Adopting an argument used
by Cassenti (1984) .
t h e r e l i a b i l i t y o f t h e continuum i s g i v e n by t h e f o l l o w i n g e x p r e s s i o n
R = exp -q dV .
IJv J ( 4 )
For o r t h o t r o p i c composites t h e f a i l u r e f u n c t i o n must a l s o r e f l e c t t h e a p p r o p r i a t e m a t e r i a l symmetry. T h i s r e q u i r e s q = q(uij,a.,bi) 1
where a i and b i a r e u n i t v e c t o r s t h a t i d e n t i f y l o c a l m a t e r i a l o r i e n t a t i o n s , and o i ' r e p r e s e n t s t h e Cauchy s t r e s s t e n s o r . i n F i g . 1 .
t h e i r i n f l u e n c e i s taken through t h e p r o d u c t s and b i b j , i . e .
These o r i e n t a 4 i o n s a r e d e p i c t e d The sense o f a i and b i i s i m m a t e r i a l . t h u s a i a j ( 6 ) Note t h a t a i a j and b i b j a r e symmetric second o r d e r t e n s o r s t h a t s a t i s f y t h e i d e n t i t i e s
a j a i = 1
and
Furthermore, t h e s t r e s s and l o c a l p r e f e r r e d d i r e c t i o n s may v a r y from p o i n t t o p o i n t i n t h e continuum. Thus,
Eq. (6) i m p l i e s t h a t t h e s t r e s s f i e l d and u n i t v e c t o r
f i e l d s , i . e . u i j ( x k ) , a i ( x k ) and b i ( X k ) . must be Speci f i e d to d e f i n e 0 .
As q i s a s c a l a r valued f u n c t i o n , i t must remain form i n v a r i a n t under a r b i t r a r y proper orthogonal t r a n sf o r m a t i o n s . Work by Reiner (1945) . R i v l i n and Smith (1969) . Spencer (1971) and o t h e r s demonstrate t h a t through t h e a p p l i c a t i o n o f t h e Cayley-Hamilton theorem and elementary p r o p e r t i e s of t e n s o r s , a f i n i t e s e t o f i n v a r i a n t s (as opposed t o t h e work o f Tsai and Nu (1971) . where an I n f i n i t e number of i n v a r i a n t s a r e allowed) known as an i n t e g r i t y b a s i s can be developed.
Form i n v a r i a n c e o f q i s ensured i f dependence i s taken on i n v a r i a n t s t h a t c o n s t i t u t e t h e i n t e g r i t y b a s i s , or any subset t h e r e o f . Adapting t h e above mentioned work t o q r e s u l t s i n an i n t e g r i t y b a s i s composed o f 28 tensor p r o d u c t s . F o l l o w i n g arguments s i m i l a r t o Spencer (1984) several of these tensor products a r e equal and o t h e r s a r e t r i v i a l i d e n t i t i e s such t h a t t h e f i n a l i n t e gr i t y b a s i s f o r q c o n t a i n s o n l y the i n v a r i a n t s 11 = o i i . 
and A s l i g h t l y d i f f e r e n t s e t o f i n v a r i a n t s t h a t corresponds t o p h y s i c a l mechanisms r e l a t e d t o f r a c t u r e can be c o n s t r u c t e d from t h e above i n t e g r i t y b a s i s . T h i s new s e t o f i n v a r i a n t s i n c l u d e s . . 
C o n s i d e r i n g a u n i f o r m l y s t r e s s e d volume, or i n the c o n t e x t of Weibull a n a l y s i s a s i n g l e l i n k , t h e i n v a r i a n t I 1 corresponds t o t h e magnitude o f the s t r e s s component i n t h e d i r e c t i o n o f a i . as shown i n F i g . 1 . I 2 corresponds t o t h e shear s t r e s s on t h e f a c e normal t o a i . S i m i l a r i n t e r p r e t a t i o n s can be made f o r i n v a r i a n t s 13 and I 4 and t h e d i r e c t i o n b i . I n v a r i a n t I5 i s ..
where e i j k i s the p e r m u t a t i o n t e n s o r . A s proposed, these p h y s i c a l mechanisms a r e independent of I 2 and 13. Taking   ( 2 2 ) ensures '# i s form i n v a r i a n t .
w i t h 11, I 3 and I s do n o t c o n t r i b u t e t o f a i l u r e so t h a t
I t i s assumed t h a t compressive s t r e s s e s a s s o c i a t e d -A
. . f o r a l l values o f I 2 and t h a t t h e s t r e s s components above a c t independently (i i n producing f a i l u r e . Fol Wetherhold (1983), t a k e = V4I
(27) -14. A t t h i s p o i n t we assume i d e n t i f i e d by t h e i n v a r i a n t s e., a n o n i n t e r a c t i v e t h e o r y ) owing r e a s o n i n g s i m i l a r t o t h e form I n s e r t i o n of Eq. (28) i n t o t h e volume i n t e g r a t i o n g i v e n by Eq. MOR) bars. The parameters a1 and c o u l d be o b t a i n e d f r o m MOR bar t e s t s conducted on specimens machined f r o m a b i l l e t o f h o t pressed whisker-toughened ceramics. These specimen:; would be o r i e n t e d along m a t e r i a l d i r e ct i o n a i . shown as o r i e n t a t i o n 1 i n F i g . 2. MOR bar specimens mach.ined w i t h o r i e n t a t i o n 2 ( i . e . , a l o n g b i ) c o u l d be used t o determine a3 and p3, and s i m i l a r l y , o r i e n t a t i o n 3 would be used t o determine a5 and pg.
The Weibull parameters associated w i t h shear t r a c t i o n s across a i and b i c o u l d be o b t a i n e d f r o m shear t e s t s such as Iosiped;cu t e s t s (Walrath and Adam, 1983) . The parameters a2 and I32 c o u l d be determined f r o m t h i s type of t e s t u r i n g specimens w i t h o r i e n t a t i o n 1 i n F i g . 2. S i m i l d r l y , t h e f i n a l two parameters, a4 and
134, c o u l d be o b t a i n e d f r o m shear t e s t s conducted on specimens w i t h o r i e n t a t i o n 2 . ( D u f f y and A r n o l d , 1989), f o r which t h r e e s e t s o f Weibull parameters a r e necessary, t h e o r t h o t r o p i c model r e q u i r e s f i v e . However i t should be noted here t h a t , as w i t h m o n o l i t h i c ceramics, i t i s q u i t e p o s s i b l e t h a t t h e surface and volume o f t h e m a t e r i a l w i l l f a i l due t o d i st i n c t l y d i f f e r e n t f l a w p o p u l a t i o n s . d i f f e r f o r s e v e r a l reasons: d i f f e r e n t due to t h e f o r m a t i o n o f a r e a c t i o n l a y e r ; subsurface damage; and due t o t h e i n t e r s e c t i o n o f i n t e r n a l f l a w s w i t h t h e surface, t h e presence o f t h e f r e e s u r f a c e w i l l reduce the a p p l i e d l o a d necessary f o r f r a c t u r e . The surface would then have d i f f e r e n t s e t s o f Weibull parameters t h a n t h e volume and Eq. ( 4 ) would a l s o have t o be independently e v a l u a t e d over the surface area. I n comparison t o t h e t r a n s v e r s e l y i s o t r o p i c model These p o p u l a t i o n s ( 1 ) t h e a s -f i r e d c o n d i t i o n o f the s u r f a c e may be ( 2 ) g r i n d i n g w i l l change t h e s u r f a c e and may impart ( 3 ) even i f t h e s u r f a c e f l a w d i s t r i b u t i o n i s s o l e l y IMPLICATIONS OF THE MODEL Subsequent t o t h e d e t e r m i n a t i o n o f t h e Weibull parameters, m u l t i a x i a l experiments should be conducted t o assess t h e model's accuracy. One method i s t e n s i o n and/or t o r s i o n l o a d i n g s a p p l i e d t o t h i n -w a l l e d tube specimens. The t h i n -w a l l e d tube ensures homogeneous, b i a x i a l s t a t e s o f s t r e s s . The t u b u l a r specimen would
be h i g h l y a p p r o p r i a t e f o r p l a n a r a p p l i c a t i o n s such as heat exchangers where one o f t h e m a t e r i a l o r i e n t a t i o n s ( r a d i a l ) can be ignored. U n f o r t u n a t e l y , a t t h e present time no d a t a base e x i s t s t o e s t i m a t e model parameters, a l t h o u g h e f f o r t s (Shaw and Bubsey, 1987) 
a r e underway t o accomplish t h i s g o a l . Thus an assessment o f t h e model i n comparison t o experimental d a t a i s r e s e r v e d f o r a l a t e r date, and f o r t h e examples t h a t f o l l o w , model parameters a r e a r b i t r a r i l y chosen f o r t h e purpose of i 1 l u s t r a t i o n .
The c a l c u l a t i o n s f o r t h e r e l i a b i l i t y contours shown h e r e i n a r e r e p r e s e n t a t i v e o f homogeneously s t r e s s e d continuum elements ( o r l i n k s ) o f u n i t volume. For dimens i o n l e s s R, t h e Weibull parameter has u n i t s of Taking 011 = 131 i n t h i s expression y i e l d s R = 0.3679. Therefore, any contour R = 0.3679, i n a s t r e s s space c o n t a i n i n g 0 1 1 , y i e l d s 01 as t h e i n t e r c e p t along t h e a l l -a x i s .
This can be seen i n F i g . 3(a) where t h i s r e l i a b i l i t y contour i s p l o t t e d i n the 011-022 s t r e s s space, and 01 = 750. A l s o n o t e t h a t t h e i n t e r c e p t along t h e ~2 2 -a x i s , which represents a u n i a 04 as an i n t e r c e p t along t h e q 3 -a x i s .
This can be seen i n F i g . 3(b) where R2 = 400 and 04 = 300. faces o f R w i t h t h e 011-022 s t r e s s p l a n e for the p r e v i o u s l y mentioned m a t e r i a l o r i e n t a t i o n . Here a1 = 15. a3 = 10.5, and as before, 01 = 750 and 03 = 500. The t h r e e surfaces correspond t o R = 0.95, 0.50 and 0.05. Note t h a t a decrease i n t h e a ' s increases t h e spacing o f t h e contours which i n d i c a t e s a h i g h e r s c a t t e r i n f r a c t u r e s t r e n g t h . T h i s can be seen i n F i g . 4(b) where 43 = 5. The spacing between cont o u r s increases i n t h e 022 d i r e c t i o n , however t h e cont o u r s i n t h e 011 d i r e c t i o n remain unchanged because t h e r e i s no v a r i a t i o n i n a1 or 01. I f a3 had been increased, t h e spacing between contours would d i m i n i s h , and t h e c o r n e r s i n t h e f i r s t quadrant would sharpen. I n g e n e r a l , as t h e a ' s increase, e v e n t u a l l y t h e r e l i a b i li t y contours would n o t be d i s t i n c t from each o t h e r and t h e y would e f f e c t i v e l y map a d e t e r m i n i s t i c maximum s t r e s s f a i l u r e s u r f a c e .
We n e x t c o n s i d e r the e f f e c t s o f o f f -a x i s ( r e l a t i v e t o l o a d i n g ) m a t e r i a l o r i e n t a t i o n . F i g u r e 5(a) represents l e v e l surfaces p r o j e c t e d o n t o t h e 011-033 s t r e s s plane f o r t h e m a t e r i a l o r i e n t a t i o n d e f i n e d by a i = (1,0,0) and b i = ( O , O , l ) .
Here a1 = 15, I31 = 750, a3 = 10.5 and 03 = 500, and once again t h r e e contours o f r e l i a b i l i t y a r e d e p i c t e d : R = 0.95, 0.5 and 0.05. R o t a t i o n o f t h e m a t e r i a l o r i e n t a t i o n v e c t o r s such t h a t a i = ( l / J 2 , 0 , 1 / J 2 ) and b i = (-1/J2,0,1/JZ),
for t h e c o n d i t i o n s i d e n t i c a l t o those a s s o c i a t e d w i t h F i g . S(a) r e s u l t s i n t h e contours found i n F i g . 5(b). Due t o t h e new m a t e r i a l o r i e n t a t i o n , compressive components o f t h e s t r e s s tensor O i j c o n t r i b u t e t o f a i l u r e . T h i s does n o t c o n t r a d i c t t h e assumption t h a t compressive s t r e s s e s a l o n g the m a t e r i a l d i r e c t i o n a i ( i d e n t i f i e d by 11). and a l o n g the m a t e r i a l d i r e c t i o n b i ( i d e n t i f i e d by
13) do n o t c o n t r i b u t e t o a r e d u c t i o n i n r e l i a b i l i t y . I n t h i s case 011 and 033 a r e no l o n g e r c o i n c i d e n t w i t h t h e s t r e s s e s associated w i t h I 1 and 13. Expansion o f t h e i n v a r i a n t s demonstrates t h a t compressive values o f 011 and 033 c o n t r i b u t e t o b o t h I 2 and I 4 ( t h e shear s t r e s s e s across the m a t e r i a l o r i e n t a t i o n v e c t o r s a i and b i , r e s p e c t i v e l y ) and hence cause a r e d u c t i o n i n r e l i a b i l i t y .
F i g u r e 6 t a ) represents l e v e l surfaces o f r e l i a b i li t y p r o j e c t e d o n t o 013-011 s t r e s s plane. Here a u n ia x i a l compressive s t r e s s (011) m a i n t a i n s a r e l i a b i l i t y o f u n i t y and t h e contours a r e symmetric w i t h r e s p e c t t o the 011-axis.
This r e s u l t s from t h e assumptions assoc i a t e d w i t h Eqs. (23). (26) and (27) . R o t a t i o n o f t h e m a t e r i a l o r i e n t a t i o n such t h a t a i = (l/J2,0,1/J2) and F i g u r e 4 ( a ) d e p i c t s t h e i n t e r s e c t i o n o f l e v e l sur-A b i = (-1/J2,0,1/J2) r e s u l t s i n t h e contours found i n F i g . 6 ( b ) . Because the contours a r e c l o s e d , any s t a t e o f s t r e s s t h a t has nonzero 011 07 013 components would r e s u l t i n a nonzero p r o b a b i l i t y o f f a i l u r e .
CONCLUDING REMARKS I n t h i s paper we have developed a r e l i a b i l i t y model f o r whisker-toughened ceramic composites w i t h o r t h ot r o p i c m a t e r i a l symmetry. The model was c o n s t r u c t e d i n a r a t i o n a l manner u s i n g an i n v a r i a n t f o r m u l a t i o n . Such an approach i n d i c a t e s the maximum number and form o f t h e s t r e s s i n v a r i a n t s necessary i n d e f i n i n g t h e f a i l u r e f u n c t i o n 9 . A subset o f t h e i n t e g r i t y b a s i s f o r 9 was c o n s t r u c t e d w i t h i n v a r i a n t s t h a t correspond t o the macrovariables assumed t o be d i r e c t l y r e l a t e d t o f r a ct u r e . The whiskers i n each continuum element w e r e assumed t o be d i s t r i b u t e d i n such a manner t h a t t h r e e orthogonal m a t e r i a l o r i e n t a t i o n s c o u l d be i d e n t i f i e d . These m a t e r i a l o r i e n t a t i o n s a r e n o t r e s t r i c t e d t o be t h e same a t each p o i n t i n t h e continuum and c o u l d v a r y a l o n g a f a m i l y of curves w i t h i n a component. 
